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Abstract

We consider the Schrodinger operator H = (iV+A)? inthe space L, (Rz) with a
magnetic potential A(x) = a(X)(—xz, x1)|x |72, where ¢ is an arbitrary function
on the unit circle. Our goal is to study spectral properties of the corresponding
scattering matrix S(1), A > 0. We obtain its stationary representation and show
that its singular part (up to compact terms) is a pseudodifferential operator of
zero order whose symbol is an explicit function of a. We deduce from this
result that the essential spectrum of S(A) does not depend on A and consists of
two complex conjugated and perhaps overlapping closed intervals of the unit
circle. Finally, we calculate the diagonal singularity of the scattering amplitude
(kernel of S(X) considered as an integral operator). In particular, we show that
for all these properties only the behaviour of a potential at infinity is essential.
The preceding papers on this subject treated the case a(X) = const and used
the separation of variables in the Schrodinger equation in the polar coordinates.
This technique does not, of course, work for arbitrary a. From an analytical
point of view, our paper relies on some modern tools of scattering theory and
well-known properties of pseudodifferential operators.

PACS numbers: 03.65.N, 02.30.Tb, 03.65.Ge

1. Introduction

From a mathematical point of view, the famous Aharonov—Bohm effect [1, 3, 13] consists of
unusual spectral properties of the scattering matrix (SM) Sy (1), A > 0, for the Schrodinger
operator H, with magnetic potential A, (x) = a(—x3, x| o € R, x = (x1, x2), in the
space L,(R?). For such potentials the Schrdinger equation admits separation of variables in
polar coordinates (r, 0), and for every fixed angular momentumm = 0, £1, +2, ... the radial
equation

—u!! + ((m — a)? — 1/8)r2u, = Aty A>0
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can be solved in terms of the Bessel functions u,,(r) = r1/2I‘m,a‘()\1/2r). Using the
asymptotics of these functions as » — oo, we see that S, (1) has two eigenvalues e'*”
and e " with corresponding eigenfunctions e”? for m < « and m > «, respectively.
This is qualitatively different both from the case of short-range (satisfying the condition
O(|x|~'7%), e > 0, atinfinity) electric and magnetic potentials and from the electric (Coulomb)
potential decaying as |x|~!. In the first case, the essential spectrum of the SM consists of only
point 1 and in the second it covers the whole unit circle (see, e.g., [16]).

Since eigenvalues and eigenfunctions of S, (1) are known, the spectral theorem yields
directly an explicit expression (see [13]) for the kernel of S,(A) considered as an integral
operator. As usual, it is singular only on the diagonal, but its singularity is quite different
from the case of short-range magnetic and electric potentials (as well as from the electric
Coulomb potential). Indeed, in the short-range case the leading singularity is given by the
Dirac function whereas for the Aharonov—Bohm potential it is a linear combination (with
coefficients depending on «) of the Dirac function and of the singular denominator understood
as the principal value.

Note also that if H, is considered for |x| > ry with the Dirichlet boundary condition at
|x| = ro (see [13]), then the corresponding SM has infinitely many eigenvalues which however
accumulate at the points e*™ and e~*" only. To put it differently, the essential spectrum of
such a SM consists again of the points ¢ and e @7

In the present paper, we study the spectral properties of the SM and the diagonal singularity
of its kernel in a more general context. Actually, we suppose that, for sufficiently large |x]|,

A(x) = a@)(—xz, xp) x| *=x/lx| (1.1)

where a is an arbitrary real C*°-function on the unit circle. For such potentials A(x) =
(A1(x), Ax(x)), the magnetic field B(x) = dA(x)/dx, — dA,(x)/dx; vanishes (for large
|x]). An arbitrary short-range potential can be added to A(x) without changing our results
significantly. In particular, only the behaviour of a potential at infinity is essential. Of course,
except for the case a(x) = const, for potentials (1.1) the variables in the two-dimensional
Schrodinger equation cannot be separated. Therefore, to solve the problem, we use modern
tools of scattering theory (a stationary formula for the SM in a general framework, different
resolvent estimates, etc) and some well-known properties of pseudodifferential operators
(PDO). Note that we consider the SM as a PDO on the unit circle. We try here to single out
the main ideas and to keep the presentation as simple as possible, so that technical details are
usually omitted.

In fact, we follow rather closely paper [15] where electric long-range potentials were
considered. The technique of this paper applies automatically to magnetic potentials, but the
concrete expressions for symbols of the SM and for diagonal singularities of their kernels
(if the SM are considered as integral operators) are qualitatively different for electric and
magnetic potentials decaying as |x|~! at infinity. This also leads to a qualitative difference in
the spectral properties of the corresponding SM.

2. Main results

We consider the pair of self-adjoint operators Hy = —A,
H = (iV + A(x))? x e R?

with a magnetic potential (1.1) in the space H = LQ(RZ). As was noted in [10], although the
potential A(x) decays only as |x|~' at infinity, due to the transversal gauge

(A(x),x) =0 2.1
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the usual wave operators W (H, Hp) exist. The scattering operator S and the SM S(1), A > 0
are defined in terms of these operators. Recall that, for general short- and long-range electric
and magnetic potentials, the SM is a unitary operator in the space L,(S). It is usually
considered as an integral operator, that is

(SMu)(w) = /s(a), o' Mu(e) do'.
S

The kernel s(w, o', 1) of the SM (the scattering amplitude) is a smooth function of w, " € S
for w # ' but can be very singular on the diagonal = o’ (see, e.g., [16]). In particular, this
is true in the case considered.

Let us formulate our main result on the essential spectrum o5 of S(A). Set

fw) = f a(6)do 2.2)
S(—w,w)

where the integral is taken in the positive (counterclockwise) direction over the half-circle
between the points —w and w. Note that

f@)+ f(—w) = /Sa(e)de =9 (2.3)
is the total magnetic flux.

Theorem 2.1. Forall . > 0
Oess(S(1)) = /O Y e/ (2.4)

that is, 0ess(S(A)) consists of the two complex conjugated and perhaps overlapping closed
intervals of the unit circle.

We do not have any information on the detailed structure of the essential spectrum of the
SM. For example, it is an open question whether it might contain the absolutely or singularly
continuous parts.

We emphasize that the essential spectrum of S(A) does not depend on A. For concrete
functions a in (1.1), one can compute integral (2.2) and find 0. (S(1)) explicitly. We give
only one example.

Corollary 2.2. Let

a®R) =a+(p, %) aeR p e R (2.5)
Then relation (2.4) holds with
f®) =lra =2|pl, ra +2|pl]. (2.6)

In particular, if a(X) = «, then o.s(S(A)) consists of the two points exp(xima) which equal
(=D"fora =n € Z.

Indeed, for function (2.5), we have that f(w) = mra + 2|w X p| if & w can be obtained
from p by rotation in the positive direction at an angle smaller than 7. This yields formula
(2.6).

Next, we can describe the diagonal singularity of the scattering amplitude.

Theorem 2.3. Let Sy be the integral operator on L,(S) with kernel

so(w, ') = e/ (@~i9/2 <cos(¢/2)8(a), ')+ 2m) " sin(¢/2) PV%) 2.7)
sin({w, w'}/2)



7484 Ph Roux and D Yafaev

where §(w, @) is the Dirac function on the unit circle, PV is the principal value and {w, »'}
is the oriented angle between an initial vector w and a final vector «'. Then

Is(w, ®'; X) — so(w, )| = O(|In|w — &'|) w—ao — 0.

In particular, the operator S(A) — Sy belongs to the Hilbert—Schmidt class.

It follows from (2.2) and (2.3) that if the function « is even, then f(w) = ¢/2 for all
w € S and hence the first factor in the right-hand side of (2.7) equals 1. Thus, for an arbitrary
even a, formula (2.7) for the singular part of the SM is the same as for a constant a(¥) = «
but the role of « is played by (27)~'¢. If @ is odd, then ¢ = 0 and f is also odd. In this
case so(w, ®') = e/ @§(w, '), so that Sy is the operator of multiplication by e'/ . Note
that so(w, o') is a real function if a is even, but this is of course wrong in the general case.
Theorem 2.3 implies

Corollary 2.4. Let w # o' and o — o' — 0. Then

_exp(if(w) —i¢/2)sin(¢/2)
B 27 sin({w, w'}/2)

s(w, @'; A) +O0(Injw— o).
Now we can give an explicit asymptotics of the scattering cross section

2
Vi

for incident direction wg of a beam of particles and direction of observation w.

Sair(@; wo, A) = Is (@, wo; 1) w # wy

Corollary 2.5. Let w — wg. Then

Saifr (w3 wo, A) =

) _
1 sin"(@/2) <Ilnlw woll)_ (2.8)

2774/ sin>({w, wp}/2) |w — wo
The total cross section

Siot(wo, L) = / Saifr (@; wo, L) dw
s

is finite (for all wy at the same time) if and only if ¢ € 2nZ. In this case

Tite (@; wo, 1) = O(In* | — ay)).

We emphasize that formula (2.8) depends on the total magnetic flux ¢ only. It looks quite
natural from the physics point of view. Indeed, the potential (1.1) with a(X) = « was chosen
in the original paper [1] essentially for phenomenological reasons. It was required that the
magnetic flux take the given value ¢ (determined by the current) and the magnetic field be
zero. In the general case the potential (1.1) also satisfies both these conditions. So it is not
astonishing that for potentials with asymptotics (1.1), the leading singularity of Zgif(w; wo, A),
which is the main quantum-mechanical observable, depends on ¢ only.

Note that sin({w, @'}/2) and sin({w, wp}/2) in the formulae above can be replaced by
{w, ®'}/2 and {w, wy}/2, respectively. The results of theorem 2.3 and its corollaries generalize
the well-known formulae (see, e.g., [13]) for scattering on the Aharonov—Bohm potential to
the case where the function a(X) is not constant. Of course, in the case a(X) = « (then
f(w) = ma) they reduce to these formulae.

This paper is organized as follows. In section 3, we give precise definitions of basic
objects. The structure of the SM is studied in section 4. Theorem 2.1 is proved in section 5.
Finally, in section 6 we find the diagonal singularity of the scattering amplitude (theorem 2.3).
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3. Scattering theory

Although for the pair Hy = —A, H = iV + A(x))? the usual wave operators exist, we first
treat A(x) as a long-range potential and consider wave operators

Wy = Wy(H, Hy; J1) =s — lim efl' j, e 1!

t— 400

with non-trivial ‘identifications’ J1. (depending on the sign of 7). This idea first appeared in [5].
The operators J1 emerge naturally as PDO with symbols ji(x, &) constructed in terms of
approximate eigenfunctions W, (x, &) = e¥<(":¥) of the operator H. Substituting ¥ = e'¢ in
the Schrodinger equation HW = |£|>W, we obtain the eikonal equation

IVol* — 2(A, Vo) = & V=v,

for the phase function ¢ = ¢.. Following [15], we construct approximate solutions of this
equation by explicit formulae

P+(x, ) = (x,§) + P+(x, §) (3.1

and
Di(x,8) = JF/O ((A(x £18) — A(£1§),8))dr = ?/0 (A(x £ 1£),&)dr. (3.2)

Note that the last equality is a consequence of the transversal gauge condition (2.1). Then the
Schrodinger equation for W.. = el#* is satisfied up to a short-range term off any neighbourhood
of the direction ¥ = F£. To be more precise,

((V+A) — [§[) Ve = g (3.3)
where

gr = VO —iADL —2(A, VL) +|A> +idiv A. (3.4)
It follows from (1.1) and (3.2) that

020l D(x, )] < Cape)(1+ |x) 7 (3.5)
and hence

020 g (x, )| < Capo)(1 + )™ (3.6)

where m = 2, for all multi-indices «, § in the region £(%, &) > « for any k > —1. Here and
below we suppose that || belongs to a compact and disjoint from zero interval of R,. This is
possible due to the conservation of energy.

Let X be an open set in the space RY. Recall that a PDO P : CyP(2) — C*(X) with
symbol p(¢, y) is defined by the formula

(PHI©) = @my o [ pie ) foay 37)

where f = F f is the Fourier transform of f. Here ¢ plays the role of the space variable and
y is the dual one. A symbol p(¢, y) (or a PDO P) belongs to the Hormander class S” if, for
all « and B,

1029 p(2. )| < Cap(1+ [y)" 1
We construct J+ as a PDO by the formula

(Je)(x) = 2m)~! / eltediHie= g, (%, £)) f(£) d& (3.8)

2
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where the cut-off function o € C* is such that o4 (7) = 1 near =1 and o+ (t) = 0 near F1.
We deliberately ignore here some technical details which can be found in [15]. For example,
strictly speaking, additional cut-offs of low and high energies by a function of |£|? and that of
a neighbourhood of x = 0 by a function of x should be added in (3.8) to the symbol

je(x, &) = =0 Do (£, €)) (3.9)

of the PDO J.. Compared to (3.7), & and x play in (3.8) the roles of { and y, respectively.
Thus, only the operator Py = FJ{F* is a PDO with symbol p1(§, x) = ji(—x,§) in the
sense of definition (3.7). Nevertheless, all usual definitions and results of the PDO theory
can be directly applied to the operators (3.8). In particular, according to (3.5), the PDO J..
belongs to the class S°. Below all PDO acting on functions of x € R? are understood in the
same sense as Ji.

We note that both wave operators Wo.(H, Hy; J+) and W.(H, Hy) exist and

Wi(H, Hy; J+) = W+ (H, Hp)

(see [10, 16]). However, introduction of the auxiliary identifications J is necessary to obtain
a representation of the SM in terms of the resolvent R(z) = (H — z)~' of the operator H.
Since the scattering operator S = W}W_ commutes with Hy, it reduces in the spectral
representation of Hj to the multiplication by the operator-function S(1), A > 0, acting in the
space L,(S) and known as the SM. Let us construct the standard spectral representation of the
operator Hy. Let

(To(W) @) =272 0 Pw) = 2712 27) ! / e PO £y dx weS  (3.10)
R2
be, up to the numerical factor, the restriction of f to the circle of radius A'/? and
UH) =ToW f, f € C§°(R2), A > 0. Then the operator I/ extends by continuity to
a unitary operator U : LZ(R2) — Ly(Ry; Ly(S)), and the operator H is diagonalized by U,
ie., UHyf)(A) = A (U f)(A). This implies that US f)(X) = S(A)U fH(L).
Let

Ty = HJy — JoHy (3.11)

be the ‘effective perturbation’ for the triple { Hy, H, J+}. We proceed from the following (see
[6, 15, 16]) stationary representation

S(V) = —2miTo(W) (JF T — T*R(A +i0)T_)TE (L) (3.12)

for the SM S(1).

To justify it, we need the following two analytical results. The first of them (the limiting
absorption principle; see, e.g., [2, 11]) can easily be obtained by the Mourre method. We use
the notation (x) for the operator of multiplication by the function (x) = (1 + |x|*)/%.

Proposition 3.1. For any y > 1/2 the operator-function {(x)~7 R(z){x)~" is continuous in
norm with respect to the parameter z in the closed complex plane cut along [0, co) with the
exception of the point 0. In particular, the positive spectrum of H is absolutely continuous.

We also need more delicate resolvent estimates usually called propagation estimates. The
following assertion was proven in [7, 8, 12] using again the Mourre estimate [11].

Proposition 3.2. Let Py be the PDO with symbol p.(x, &) € S". Suppose that the support of
p+(x, ) is contained in the cone F(%,€) > ¢ for some ¢ > 0. Then the operator-functions

(x)" P PFR(2)(x) 77, (x) 7 R() P (x)"~F y>1/2  p>n+l (.13)
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and

(x)Y PIR(z) P—(x)” Yy (3.14)
are bounded and continuous in norm with respect to the parameter z in the region
Rez € (g, 00), 19 > 0,Imz > 0.

We also recall the Sobolev trace theorem.

Proposition 3.3. The operator To(A)(x)™" : Ly(R?) — Ly(S) is compact for any y > 1/2.

4. The structure of the scattering matrix

Let us first find a convenient representation for operator (3.11). The following result follows
directly from definition (3.8), equation (3.3) and estimates (3.5), (3.6).

Proposition 4.1. The operator Ty admits the decomposition Ty = TS + T where T, T
are, respectively, PDO with symbols
1 (x, £) = =219 (&, Vor (£, €)))
= —2ie" ™0 x| g (1 - (£, 6)P)ol(%,E) e 57 (4.1)
and tg) €S2

We always suppose that the functions oy in (3.8) satisfy, for some ¢ € (0, 1/2), the
relations

o (t)=1 for tel[—e¢1] o, (t) =0 for tel[-1,—2¢] 4.2)
and 0_(t) = 0,(—7). Then the operators Tf) satisfy the assumptions of proposition 3.2.
It follows from its assertion about the operators (3.13) that the operators (x)” (Tf))*R(A +
i0)7"”(x)? and (x)” (T;r(’))* R(A+i0)T (x)? are bounded for y < 1. The boundedness of the
operator (3.14) implies that (x)” (Tf))*R(A +i0)T (x)? is bounded for any y. Finally, the
operator (x )Y (Tfr))*R()» +i0)7" (x)? is bounded for y < 3/2 by proposition 3.1. Therefore,
the operator

B, (%) = (x)"TYR(A +1i0)T_(x)” 4.3)
is bounded for any y < 1. Hence, by proposition 3.3, the operator
CoM TR +10)T-T5(A) = (Do(A)(x) ") B, M) (To(M) {x) ") y € (1/2,1)

4.4)

is compact. Since the operator (x)J; T,(r)(x) is bounded, the operator I'g(A)J *T,(V)Ff; (A) is

also compact by proposition 3.3. Thus, we obtain

Proposition 4.2. Let
S1(W) = —2miTo(W) X T TEM). (4.5)
Then for all A > 0 the operator S(1) — S1(A) is compact.

Corollary 4.3. The essential spectra of the operators S(\) and S| (L) are the same.

It follows (see, e.g., [16]) from definition (4.5) that, considered as an integral operator,
S1(X) (as well as the SM S(A) itself) has a smooth kernel s1(w, w'; 1), w, w’ € S, off the
diagonal w = ’. Therefore its essential spectrum is determined by the diagonal singularity
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of s1(w, '; A). Actually, it is more convenient to treat S;(A) as a PDO on the unit circle. We
fix an arbitrary point wy € S and consider standard chart coordinates in its neighbourhood
Q C S. Let Ay, be the line (identified with R) orthogonal to wy, and let { = «(w) be the
orthogonal projection of w € Q on A,,. In particular, we assume that k (wp) = 0. We denote
by ¥ C A, the orthogonal projection of €2 and identify points w € € and { = k(w) € X.
Let us also consider the unitary mapping Z, : L,(2) — L,(X) defined by

(Za)(©) = (1= 1) u(o). (4.6)

We shall see that the operator S (L) = Z,S1(A)Z} is a PDO defined by formula (3.7)

for d = 1 and, up to terms from the class S~', its symbol p¥ (¢, y) is an asymptotically

homogeneous function pg (¢, y) of y of order zero. The function pg (¢, y) is called the

principal symbol of the PDO S (A). It is invariant with respect to diffeomorphisms, which

allows one to define the principal symbol of the PDO S;()) on the cotangent bundle of S by
the equality

po(w, b) = py(5, y) lw| =1 (w,b) =0 4.7
where ¢ = k(w) and b is the orthogonal projection of y on the line A,. Alternatively, one
can say that, for a PDO from the class S", the principal symbol is the full symbol, considered
modulo functions from S"~ !,

In the rest of this section, we shall find an explicit expression for the principal symbol
of Si1(A). According to definition (4.5), we have to consider first the operator G = J; TY.
Recall that J, and T are PDO with symbols (3.8) and (4.1), respectively. Let us use the fact
(see, e.g., [4, 14]) that J is also a PDO with the principal symbol j, (x, £) and G = J*T"
is a PDO with the principal symbol gy (x, &) which equals the product of the symbols of PDO
J#and T It follows that

G =m ! [ g fe as (48)

where g € S~! and the principal symbol

go(x, £) = ji(x, )tV (x, &) = —2ie Do, (£, £)) (5, Vo_((£,8))).  (4.9)
Here

O, §) =P_(x,8) — Pi(x,§) = /

—00

o0 o0

(A(x+t§),§)dt=/ (AR +16),E)dt (4.10)

—0Q0
according to (3.2). At the last step we have used that A(x) is a homogeneous function of order
—1, so that the function ® (x, &) is homogeneous of order 0 in both variables. Note also that

Ox,§) =—-0(x, —§). (4.11)
Remark now that, due to the function Vo_ ({X, § )), the symbol (4.9) equals zero on the
conormal bundle to every circle IE]> = 1, ie., go(x,&) = 0if x = t& for some t € R.

Therefore, we can use the following general result of [9] guaranteeing the existence of the
operators I'o(A)GI'§ (A).

Proposition 4.4. Let G € S~! be a PDO defined by formula (4.8), and let gy be its principal
symbol. Suppose that go(tw, A\'?w) = 0 for all w € S andt € R. Then the operator
G(A) = Iy(M)GTI5 () is well defined as a bounded operator in the space L(S). Moreover,
G()) is a PDO on the unit sphere from the class S° with the principal symbol given by the
absolutely convergent integral

o0
go(w, b; A) = (dm)~'A1/2 f go(tw — A72b, A2 w) dt lw| =1 (w,b) =0.
—0oQ

(4.12)
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Let us apply this result to the operator (4.5) and calculate integral (4.12) for the
function (4.9). Under assumption (4.2) o,((%,£)) = 1 on the support of Vo_((%, £)), so
that the function o, ((£, £)) can be omitted in (4.9). Next we take into account that, by
definition (4.10),

Otw — 27120, 21 ?w) = O(=b, w).

Since

/‘” v tw—A"V2p dr /‘” 3 t dr
w oO_ —_—, = —O0_ ———————— =
o\ ltw — A-172p|’ ot \ @2+ 1p2)i2
=0 () —o_(=1)=—1

we arrive at the following conclusion.

Proposition 4.5. The operator S\(X) is a PDO on the unit sphere with the principal symbol

po(w, b) = e @h) lo| =1 {w,b) = 0.

We emphasize that po(w, b) does not depend on A. Let us calculate the integral (4.10).
Recall that the function f was defined by formula (2.2).
Lemma 4.6. Suppose that b is obtained from w by rotation at angle ¥ /2. Then
O, w) ==xf(tw). (4.13)

Proof. By virtue of (4.11), it suffices to consider the case of the upper sign. Let w =
(w1, ), b= (i)l , Bz) and 6, = (13 + tw)l@ +tw|”!. Below we identify the points 6 on the unit
circle with the angle between 6 and b. Then tan 6, = t. Since —w1l32 + a)zlAn = 1, we have
that for the potential (1.1)

(AD + tw), ) = a@) (> + 1)L
Plugging this expression into (4.10) and making the change of variables r = tan6, we get
formula (4.13). O

Thus, we arrive at

Theorem 4.7. The operator S1(X) is a PDO on the unit sphere with the principal symbol
pow,b) =eED ol =1 (0.0) =0 (4.14)
if b is obtained from w by rotation at angle £ /2.

5. The proof of theorem 1.1

We can now describe the essential spectrum of the SM. Below we need the following result
which can be checked by a direct calculation.

Lemma 5.1. Let P be a PDO on L,(R) with an asymptotically homogeneous symbol p(¢, y)
of order zero such that p(¢, y) = p+(¢) for sufficiently large . Set

v () = e Pgc/e) e 2 e CEM. (5.1)
Then

(Pui?) @) = e (©)
ife € (0,1) and et is large enough.
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It follows from (4.7) and (4.14) that the principal symbol of the PDO S (A) = Z,S1 (M) Z;
is given by

peC,y) = e T ng(y) + e/ @ ho(—y) (5.2)

where hg € C*®(R), ho(y) = 1 for sufficiently large y and ho(y) = O for sufficiently large
—y. Note that S} (1) differs from the PDO S with full symbol (5.2) by a compact term.

Let u® = eF/F0) for some wy € S. We shall first construct a Weyl sequence for the
point ©* and the operator S§. Clearly, the functions (5.1) tend weakly to zero as ¢ — 0

uniformly in 7 € R and ||v® | = [|g]|. Let us set

u () = (). ()
where ¢ € C°(X) and ¢(0) = 1. It can be easily deduced from lemma 5.1 that

lim | Sgul® — uHu@| =o. (5.3)
£—

The same relation is of course true also for the operator Sj (A). Since s (w, @’; A) is a smooth
function for w # @', we have that

lim (/' = x2)$1 MZu® =0 (5.4)

(xq is the characteristic function of €2). Therefore, comparing (5.3) and (5.4), we see that
Z*u™® is the Weyl sequence for the point u®) and the operator S;(%). This implies that
wF) € 0eg(S1 (1)) and hence, by corollary 4.3, u™® € 0. (S(L)).

Let us prove, on the contrary, that os(S;(1)) is contained in the right-hand side of (2.4).
Suppose that g # et/ & forall w € S (and both signs ‘+’). Let R(j1o) be a PDO on the
unit circle with the principal symbol

pw,b) = (/&) — o)~ lw| =1 {w,b) =0 (5.5)

if b is obtained from w by rotation at angle +7/2. Since p € S°, the operator R (o) is
bounded in L,(S). Comparing (4.14 ) and (5.5), we see that the principal symbol of the
product R(1£0)(S1(A) — wol) equals 1. It follows that

R(po)(S1(A) — pol) =1+ K (5.6)

where K is a compact operator on L,(S). Now suppose that there exists a sequence u,, such
that

lun || =1 w— lim u, =0 lim ||S1(AM)u,, — pounll = 0. (5.7)
n—oQo

n— 00

Using (5.6), we get the estimate
lunll < IR ST (M — prottn || + | Ky ||

which contradicts (5.7). This concludes the proof of theorem 2.1.

6. The diagonal singularity of the scattering amplitude

Our final goal is to find explicitly the leading diagonal singularity of the kernel s(w, @'; 1) of
the SM S(1). To this end, we need to construct better approximate solutions of the Schrodinger
equation than those of section 3, using additionally (see [15, 16]) the transport equation. Let
the functions ¢, @ and g4 be defined by equalities (3.1), (3.2) and (3.4), respectively. Set

(e £) =1 :szli/ gulx £15.8) dr
0
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and Wy (x, &) = e=Hg, (x, &). Then equation (3.3) is satisfied with the corresponding
functions g+ obeying estimates (3.6) form = 3. Let now J.. be the PDO with symbol (cf (3.9))

Jr(x.§) = e gs (x, £)ox (£, €)) ©.1)
and let 7. be the operator (3.11). Then proposition 4.1 is true with tj(é') € S73. Of course,
representation (3.12) for the SM S (1) remains valid for this choice of J.. Using propositions
3.1 and 3.2, we can show that now the operator (4.3) is bounded for any y < 3/2. It follows

from (3.10) that the kernel of the operator (4.4) equals
S, ;) =27'2n) (B, Wuw (W), uy,(V) ¥ € (1,3/2)

where u,(x; 1) = (x)’yei’\]/z“'“’). Since, for y > 1, these functions are continuous in the
space Lz(]RZ) with respect to w € S, the kernel §(w, o’; 1) is a continuous function of w
and ’. Quite similarly, the continuity of the kernel of the operator I'g(1)J* T,(V)Fa‘ (1) follows

3/2

directly from the boundedness of the operator (x)*/2 7T (x)3/2. Thus, we obtain

Proposition 6.1. Let J1 be the PDO with symbol (6.1), and let S\ ()) be the operator (4.5).
Then for all A > 0 the operator S()) — S| (A) has continuous kernel.

Hence, to prove theorem 2.3, it remains to find the diagonal singularity of the operator
S1(A). As in the previous section, we consider first the operator S} (1) = Z,S1(1)Z} acting
on functions from the class Cg°(%), £ C R. Since

/ eV dy = 78(¢) +iPVe !
0

the kernel of the operator S§ with symbol (5.2) equals (up to smooth terms)

s8¢, ¢y = @)~ / TP, y)ydy =27 (/W + eV s(0 — )

—00

+ Qi) (/@ — e )PV — )T (6.2)

The symbol pf (¢, y) — pg(¢, y) of the operator S¥ (L) — S& belongs to the class S~ and
therefore its kernel is bounded by | In |¢ — ¢’||. This implies that

16,650 =558, ¢)+0( g = ¢'lD. (6.3)

Next, we remark that, according to (4.6), the kernels of the operators S;(A) and S7 (1) are
related by the equality

si(w, @5 2) =55, ¢ =g )Y =g HYH w, 0 €Q.

Making this change of variables in (6.2) and using (2.3), we obtain the kernel (2.7). Finally,
we take into account estimate (6.3) and proposition 6.1. This proves theorem 2.3.
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